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^ ■ 1 Introduction and Main Results 
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In this paper, we consider the following second order Hamiltonian systems 

u{t) + VV{u{t)) = (1) 



u{t)\' + V{u{t))=H. (2) 



^ ! where u G (i?^, -R^), V G C^(i?^ \ {0}, R^) has a singularity at the origin. Subsequently, 

W{x) denotes the gradient with respect to the x variable, (■, ■) : i?^ x — )■ R denotes 
the standard Euclidean inner product in R^ and | ■ | is the induced norm. 

The periodic and homoclinic orbits of Hamiltonian systems have been studied by 
many mathematicians [1-12, 14-17] and the references therein. Specially, the n-body- 
^ ! type problem is a Hamiltonian system which has attracted some mathematicians to use 

■ variational methods to study the parabolic and hyperbolic orbits [3, 7, 12, 22]. Referring 

to the two-body problem, with a center potential V{x) = —- — -, it is well known that 

(i) . If H<0, the solution for systems (1) and (2) is an elliptic orbit; 

(ii) . If H=0, the solution for systems (1) and (2) is a parabolic orbit; 

(iii) . If H>0, the solution for systems (1) and (2) is a hyperbolic orbit. 

Where the parabolic and hyperbolic orbits mean: 
Definition 1.0. ([3]) If when |t| — t- +oo we have 

\u{t)\ +00, \u{t)\ 0, 

then we call u{t) is a parabolic orbit; 
If when \t\ — > -|-oo, we have 
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\u{t) \ +00, \u{t)\ > 0, 
then we call u{t) is a hyperbolic orbit. 

In the above two cases, the parabolic and hyperbolic orbits are all called hyperbolic- 
like orbits by Felmer and Tanaka in [7]. Subsequently, an orbit is said to be a parabohc 
or a hyperbolic orbit, if it satisfies 

\u{t)\ ^ 00 as i — >■ ±00. (3) 

In 2000, for N — 2, Felmer and Tanaka proved that 

Theorem l.l(See[7]). Assume that N = 2 and the following conditions hold 

{A,)VeC\R''\{0},R'), 

{A2) V{x) < for all x E \ {0}, 

{A2) there are constants ( > 2, p > and do > such that 
(i). - V(x) > ^ for 0< \x\ < p, 

(a), {x, W{x)) + 2V{x) +00 as \x\ 0. 
{A4) there exist (3 > 2 and Cq > such that 

-V{x)<^ and |Vy(x)|<^ for \x\>l. 

Then for any given H > 0, 9^, 6_ E R with 6^ — 6_ > n, there exists a solution 
u{t) = r{t){cos0{t),sm0{t)) of (1) - {2)such that 0{t) 0± as t ^ ±00. 

For N > 3, they proved that 

Theorem 1.2(See[7]) Assume N > 3 and (Ai) — {A4) hold. Then for any given 
H > and ^+ ^ —0-, there exists a solution u{t) of (1) — (2) such that 

t-.±^\u{t)\ 

where 0- e 5"^"^ — {x E R^\\x\ — 1} are the asymptotic direction for the solution 
u{t). 

In 2011, Zhang in [22] proved the existence of the odd symmetric parabolic or hyper- 
bolic orbit for the restricted 3-body problems with weak forces. He proved the following 
theorem. 

Theorem 1.3(See[22]) Suppose that the potential V{x) has the following form 

1 



V{x) 



(|x|2 + r2)'^/2' 

where k. e (0, 2) and r > 0. Then there exists one odd parabolic or hyperbolic orbit for 
system (1) — (2) . which minimizes the corresponding variational functional. 

In Theorem 1.3, the potential V{x) has no singularity. When V{x) is of class C^, 
by taking the limit for a sequence of break orbits, Serra [16] obtained the existence of at 
least one homoclinic orbit u{t) at infinity, which means that 

f limi^ioo 1^(^)1 = +00 . . 
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Serra proved the following theorem. 

Theorem 1.4(See[16]) Suppose V e (7^(7?^, i?^) and satisfies 

(Di) V{x) < for all x G , 

{D2) there exist Rq > and p > 2 such that 

V{x) — — -p-j — h W{x) for all \x\ > Rq, with W satisfying 

(D3) \im^^i^+^Wix)\x\P = 

(Di) {x,VW{x)) > for all \x\ > Rq. 

Then there exists at least one solution satisfying (4) for systems (1) — (2) with H — 0. 

Motivated by above papers, we study systems (1) — (2), under some weaker assump- 
tions about the singularity for the potential, we obtain the hyperbolic orbits with H > 0. 
Precisely, we prove the following theorem. 

Theorem 1.5 Suppose that V e C^{R^ \ {0}, R^) satisfies 

(Vi) v{-x) = v{x), yxeR^\ {0}, 

{V2) V{x) <0,yxeR^\ {0}, 

{V3) 2V{x) + {x, VV{x)) ^0 as \x\ +00, 

(V^) 2V{x) + {x, WV{x)) +00 as \x\ 0, 

(V5) -V{x) -)> +00 as \x\ 0, 

(Vq) V{x) -^0 as \x\ +00. 

Then for any H > 0, there is at least one hyperbolic orbit for systems (1) — (2). 

Notice that the potential V has no strong control at infinity even though it satisfies 
(V3) and (Ve). Under some additional conditions, we can get the asymptotic direction of 
the solution at infinity. We have the following theorem. 

Theorem 1.6 Suppose that V e C\R^ \ {0},R^) satisfies {Vi)-{Ve) and the fol- 
lowing conditions 

(V7) there exist constants (3 > 1, Mq > and Tq > 1 such that 

\xf+^\VV{x)\ < Mo, \xf+^\V{x)\ < Mo for all \x\ > tq. 

Then for any H > 0, there is at least one hyperbolic orbit for systems (1) — (2) which 
has the given asymptotic direction at infinity. 

Remark 1 Notice that if V{x) = (a > 2), then V satisfies {Vi)-{Ve). It 

\x\°' 

is easy to check that our hypotheses are weaker than Theorem 1.1 and Theorem 1.2. 
Moreover, there are functions which satisfy our hypotheses of Theorem 1.5 and Theorem 
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1.6 but not (A3). For example, let 



V{x) 



ln( X 




X 






\x 


2 



J{x) 



\x\ 



for |a;| < 1, 
for 1 < |x| < 2, 
for \x\ > 2, 



where J{x) e C^{R^,R^) such that V{x) e C\R^ \ {0},i?^). The important difference 
between our theorems and Theorem 1.3, Theorem 1.4 is that we have singularities in 
Theorems 1.5 and 1.6. 



2 Variational Settings 

For any given unite vector(direction) e e S^~^, we set 

ER^{qe H'\ q{t + 1/2) = -q{t), q{0) = ?(1) = Re}, 
AR^{qeEn\ g(i)^0,Vie[0,l]}. 

Here we just use it! to denote the Euclidean length of q'(O) and g(l). For any q e H^, 
we know that the following norms are equivalent to each other 

= ^ \q{t)\^dtj + q{t)dt 

nl X 1/2 / .1 X 1/2 



\q\\H^^{£\m\'dty\\qm. 



If g e Aij, we have / q(t)dt = 0, then by Poincare-Wirtinger's inequality, we obtain that 
^0 

above norms are equivalent to 

/ .1 X 1/2 

Mm = [I imi'dt) . 

Let L°°([0, 1], i?^) be a space of measurable functions from [0, 1] into R^ and essen- 
tially bounded under the following norm 

lkllL-([o,i],i?~) ■= esssup{\q{t)\ : t G [0, 1]}. 
Moreover, let / : A^^ R^ be the functional defined by 

m - \[\m?dt[{H-v{qmdt 

= \\\qr j\H-V{q{t)))dt 
Then one can easily check that / e C^{h.R, R^) and 

{nq).q{t)) = \\qrl\H-V{q{t))-^iVViqit)),qit))yt. 

Our way to get the hyperbolic orbit is by approaching it with a sequence of periodic 
solutions. Firstly, we prove the existence of the approximate solutions, then we study the 
limit procedure. 
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3 Existence of Periodic Solutions 

The approximate solutions are obtained by the variational minimization methods. 
We need the following lemma which is proved by A. Ambrosetti and V. Coti. Zelati in 

[1]- 

Lemma 3.1(See[l]) Let f{q) = ]: C \q{t)\^dt [\h - V{q{t)))dt and q e be 

2 Jo Jo 

such that f'{q) = 0, f{q) > 0. Set 

rp2 _ Z Jo 

[\H-V{m)dt 
Jo 

Then u{t) = q(t/T) is a non- constant T -periodic solution for (1) and (2). 

Lemma 3.2(Palais[18]) Let o he an orthogonal representation oj a finite or compact 
group G in the real Hilbert space H such that for any a E G, 

f{a-x) ^ f{x), 

where f e C^{H, R^). Let S — {x & H\ax = Vu e G}, then the critical point of f in S 
is also a critical point of f in H. 

Lemma 3.3 (Translation Property[13]) Suppose that, in domain D C , we 
have a solution (f){t) for the following differential equation 

where x^''^ = d'^x/dt'', k = 0,1, ■ ■ ■ ,n, x^^^ = x. Then (pit — to) with to being a constant is 
also a solution. 

In the following, we introduce Gordon's Strong Force condition. 

Lemma 3.4(Gordon[8]) V is said to satisfy Gordon's Strong Force condition, if 
there exists a neighborhood Af of and a function U e C^{R^ \ {0}, R^) such that 

(i) lim^.^0 U{x) = -oo; 

(ii) -V{x) > \U'{x)f for every x e TV \{0}. 

If V satisfies Gordon's Strong Force condition, then 

j V{xj)dt — > — oo, \/ Xj ^ X E dAji. 

Lemma 3.5 Suppose (V2) and (V4) hold, then V satisfies Gordon's Strong Force 
condition. 

Proof. Let 0(r) = —V{re)r^, where r = \x\, e — x/\x\, then we have 
0'(r) = -r{2V{re) + {W{re),re)). 
It follows from (V4) that, there exists a constant 6 > such that 

(f)'{r) < for all < |x| < 5. 
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Since V e C\R^ \ {0}, R^), we get 

(t>{r) > (f>{S) = -V{5e)5^ > 5^ mm{-V{x)). 

\x\=S 

It follows from the definition of (f) and {V2) that there exists a constant C > such that 

C 

-V(x) > ^ for all < r < 6. 

We set U{x) — VCln \x\, then by some calculation, we obtain 

\imU(x) = -00 and - V(x) > |^/'(a;)P for all < r < 5, 

x—yO 

which proves this lemma. 

Lemma 3.6 Suppose the conditions of Theorem 1.5 hold, then for any R > 0, there 
exists at least one periodic solution on Ar for the following systems 



u{t) + VV{u{t)) = 0, VtG(-^,^) (5) 
with 

l\u{t)\' + V{u{t))^H, Vte(-^,^). (6) 



Proof. We notice that is a reflexive Banach space and En is a weakly closed 
subset of H^. Since H > 0, we obtain that 

m = lhrJ\H-v{q{t))dt>^\\qr, (7) 

which implies that / is a functional bounded from below, furthermore, it is easy to check 
that / is weakly lower semi-continuous and 

fio) ~^ +00 as ||g|| — >■ +00. (8) 

Then, we conclude that for every R> there exists a minimizer qr e Er such that 

f{qR) = 0, fiQR) = inf f{q) > 0. (9) 

Furthermore, we need to prove that qr G Ar which means qr has no collision for any 

-R > 0. Suppose that {qj}jeN is the minimizing sequence, then if qr has collision, which 
means qr e OAr = {qr e Er\ 3 e [0, 1] st. qR{t') = 0}, we can prove that 

f{qj) — >■ +00, as j — >■ +00. (10) 

To prove this fact, there are two cases needed to be discussed. 

Ccise 1. If Qr = const ant, it follows from qr e OAr that qr = 0, which is a contra- 
diction, since |q'i?(0)| = = -R- 

Case 2. If qr ^^constant, we have IkijlP — / \qR(t)\'^dt > 0, otherwise by qrU + 

Jo 

1/2) = —qR{t), we can deduce qr = which is a contradiction. Then by the weakly- 
lower-semi-continuity of norm, we have 

liminf > WqrW > 0. 
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Then by Lemma 3.4, (10) holds. 

Moreover, let Q{t) = R{^cos{2nt) +r]sm{2nt)) G Ar, where ^,r) e \ {0}, |^| = 
|?7| = 1, {i,ri) = 0, which implies that \Q{t)\ = R, \\Q\\ = 2ttR, hence 

f(Q) = 2t:''R^[h - j\{Q{t))di^. 

Since V G C^{R^ \ {0}, R^), then there exists a constant Mi^r > such that \V{Q{t))\ < 
Mi^R. We obtain that 

fiQR) < f{Q) < M2,R (11) 

for some M2^r > 0, but (11) contradicts with (10) for any fixed R > 0. Then we can see 
that qr G Ar has no collision. 
Let 

l f\qR{t)\^dt 

rTi2 _ Z Jo 

R — — * 

/' {H - V{qR{t))dt 
Jo 

Then by Lemma 3.1— Lemma 3.3, we obtain that UR{t) = QrC—j^) '■ (~^' ^) ~^ 
h.R is a Ti^-periodic solution for systems (5) and (6). The lemma is proved. 



4 Blowing-up Argument 



Subsequently, we need to show that UR{t) can not diverge to infinity uniformly as 
R — > +00. Moreover, we prove the following lemma. 

Lemma 4.1 Suppose thatuR(t) : (~^) ^) ~^ Ar is the solution obtained in Lemma 
3.6, then min r j^-i |wR(i)| is hounded from above. More precisely, there is a constant 

*^ ~ 2 ' 2 

M > independent of R such that 

\uR{t)\<M for all R>0. 



mm 

_Ia la 

2 ' 2 



Proof. Since G A/?, it is easy to see that uji{t) — qR{—f^) satisfies ur{—^) 
ur(^) and ur{ — ^) — ur{^), then we have that 



^ d 



^ dt 



Tr 



'UR{t),UR{t))dt 



2 



Tr 
' 2 



{\UR{t)\^+{UR{t),UR{t)))dt 

2{H - V{uR{t))) - {VV{uR{t)),UR{t))dt. 
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Then we obtain that 



2 



2H - {2V{uR{t)) + {VV{uR{t)),UR{t)))dt = 0. 



There are two cases needed to be discussed. 

Case 1. 2H - (2V(uR(t)) + (W(uR(t)),UR(t))) = 0, which imphes that 



Tr Tr 
' 2 ' 2 



2H = 2V{uR{t)) + {VV{uR{t)),UR{t)), a.e. 

Hypothesis (V3) imphes that there exists a constant Mi > independent of R such that 

min \uR{t)\ < Ml. 



2 ' 2 



Case 2. 2{H -V{uR{t)))-{W{uR{t)),UR{t)) changes sign in 
exists to e — ^ such that 

2H - {2V{uR{to)) + {VV{uR{to)),UR{to))) < 0, 



Ir Ir 
2 ' 2 



. Then there 



which imphes that 



2H < 2V{uR{to)) + iVV{uR{toj),UR{to)). 



It foUows from hypothesis (V3) that there exists a constant M2 > independent of R such 
that 



te 



min \uR{t)\ < M2. 



2 ' 2 



Then the proof is completed. 



5 Proof of Theorem 1.5 

The ideas for the following proofs in this section mostly comes from Lemma 2.1 and 
Lemma 4.1 in [7], we write out them for completeness. 

Lemma 5.1 Suppose that UR{t) is the solution for (5) — (6) obtained in Lemma 3.6. 
Then there exists a constant m > independent of R such that 



mm 

j-tz _ "^R "^R 
2 ' 2 



\uR{t)\ > m. 



Proof. Since UR{t) is a solution for system (5) — (6), then we can deduce that 

= \UR{t)\''+{UR{t),ilR{t)) 

= 2{H-V{uRm-{^V{uR{t)\uR{t)) 
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Since 



ur (— ^) = i^R (^) — R, then using hypothesis {V4), we can find m E (0, 1) 



independent of R such that, for any t E {t E 



Tr Tr 

2 ' 2 



max 



te 



\uR{t)\ < m}, 



- {2V{uR{t)) + (VV^K(i)),ii,i(i))) < 0, 

ve when |'U_R(t)| < m and |-Uij 
< ?77., which imphes that 

> for all i e 



which implies that is concave when |M_R(t)| < m and \uR{t)\ cannot take a local 

minimum such that max 



Tr Tr 

" 2 ' 2 



If not, we can assume that there exists a t G — such that < m, then we 

can easily check that takes a local minimum at some i with < m, which is 

a contradiction. Then we obtain the conclusion. 

Lemma 5.2 Suppose that R > M, where M is defined in Lemma 4..I and UR{t) is 
the solution for (5) — (6) obtained in Lemma 3.6. Set 



t+ — sup <t & 



Tr Tr 

' 2 ' 2 



\uR{t)\ < L 



and 



i_ = inf U e 



\uR{t)\ < L 



Tr Tr 
" 2 ' 2 . 

where L is a constant independent of R such that M < L < R. Then we have that 



T T 

— t+ ^ +00, t_ H )■ +00 as — )■ +00. 

2 2 



Proof. By the definition of UR{t) we have that 









"«(-t) 













R. 



Then, by (V2) and the definitions of i+ and we have 

/ " JH-V{uR{t))\uR{t)\dt > y/H r \uR{t)\dt 
Jt+ Jt+ 



/ ^ UR{t)dt 
Jt+ 



> Vh{R - L) 



(12) 



and 



2 



H-V{uR{t))\uR{t)\dt > VH I \uR{t)\dt 



2 



> VH 



UR{t)dt 



>Vh{R-L). (13) 



Since V G C^{R^ \ {0},/?^), it follows from Lemma 5.1 and (Ve), that there exists a 
constant M3 > independent of R such that 

Tr Tr 

' 2 ' 2 . 



\V{uR{t))\ < M3 for all t G 
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which imphes that 



H - V{uR{t)) \uR{t)\dt = V2 {H- V{uR{t)))dt < V2{H + M3) 



Ti 



R 



Combining (12) with the above estimates, we obtain that 



^/H{R -L)< V2{H + M3) (^-j - ^^ 



Then we have 



— t+ — >■ +00, as i? — >■ +00. 



The hmit for t_ + can be obtained in the similar way. The proof is completed. 
Subsequently, we set that 

Tr Tr- 
" 2 ' 2 . 

and 



t* ^Mite 



\uR{t)\^M 



(14) 



U*R{t)=UR{t-t*). 

Since L > M, we can deduce that t+ > t* > t-, which implies that 

Tr Tr 

h — >■ —00, + ^* ~^ +00 ^ -R — >■ 00. 

Then it follows from (6) that 

\\u*R{t)\' + V{uUt)) ^H, V i e (-^ + r, ^ + f ) , 
which implies that 



\u*R{t)\' = 2{H-V{u*Rm, Vte(- 



T T 



By Lemma 5.1, {Vq) and G C^(-R^\{0}, i?^), we can deduce that there exists a constant 
M4 > independent of R such that 

Tr 



\V{u*R{t))\ < M4 for all t e 



T 



Then there is a constant M5 > independent of R such that 



|it;e(i)| < Ms for all i e (-^ + ^ + " 



which implies that 

\uR{h)-U*R{t2)\ < 



f\*R{s)ds < r \u*R{s)\ds < M5\ti-t2\ (15) 

for each R > Q and ti,t2 ^ + + ^*) ' which shows {u\} is equicontinuous. 

Then there is a subsequence {ti^}j?>o converging to u^o in Cioc{R^,R^)- Then there 
exists a function lioo(^) such that 

(i) u*R{t)^u^{t) in Cioc{R\R'') 
{u)\uoo{t)\ — >■ +00 as \t\ — >■ +00 

and lioo(^) satisfies systems (1) — (2). Then we finish the proof of Theorem 1.5. 
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6 Proof of Theorem 1.6 



By the conditions of Theorem 1.6, the existence of hyperbohc solutions for systems 
(1) — (2) can be obtained with a similar proof of Theorem 1.5. Subsequently, we give the 
proof of the asymptotic direction of hyperbolic solutions at infinity. The proof is similar 
to Felmer and Tanaka's in [7]. 

Lemma 6.1 Suppose that Ufi(t) is the solution for (5) — (6) obtained in Lemma 3.6. 
Then there exists a constant Mq > independent of R> 1 such that 

[J Jh -V{uR{t))\uR{t)\dt < V2HR + Me. 
Proof. Firstly, we define the function ^{t) on [1, +oo) as a solution of 



e(l) = 1. 

And tr > 1 is a real number such that ^{tr) = R. We can define C,{t) in (— oo, 0] and T-r 
in a similar way. Then we can fix ip{t) e H\[0, 1], R^) such that 7«(t) e Ar where 

Ut) - Mt(r. - + r^K). and ^ { \ % ^ -1 ^1-- «1 

Subsequently, we set Ur{t) = "^RiJ^). And it is easy to see that Ur{t) — ^R{t) if ±r = t±r. 
Similar to [7], we can deduce that for r > 

(2/(7i?))^ = i^[^jl\\ur{t)\'-rH-V{ur{t))dt 

- \j2\\Ut)? + H-V{^R{t))dt. (16) 



Since [—tr,tr\ = [—tr,0]\J[0,1][J[1,tr], then by (V7), we can estimate (16) by three 
integral. Firstly, we estimate the integral on [l,rij], which is 

V«l = -^l^"l\Ut)\' + H-V(^R(t))dt 

= IJ" - vmemdt 

= ^H-V{se)ds 

< ^/H + ^-V{se)ds 

= Vh{R - 1) + r J-V{se)ds + J-V{se)ds 

< v^(i?-l) + M4(ro-l) + / s-—ds 

Jro 

< V^(i?-l) + M4(ro-l) + V^o / s-—ds 

Jro 

< \fHR + Mj 
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for some M7 > independent oi R> 1. Similarly, we can get 

W] <VHR + Mr. 

Since /[o,i] is independent of R, we obtain that 

1 f^R 1 o / — 

7! J-r 2 + ^ ~ 1^(7ii(^))(^^ < 2v^^ + Me 

for some Mq > independent of R. Then by (16) and q{t) is the minimizer of / on A^^, 
we have 

= (2/(g))^ 

< (2/(7«))^ 

< 2yfHR + MQ. (17) 

Then we finish the proof of this lemma. 

Similar to Felmer and Tanaka [7], we set 

Ait) = ^\uR{muR{tW-{un{t),un{t)y 

and 

- ^(t) 
"^^^'^ \un{t)\\uR{t)\- 

Using the motion and energy equations, wc have 

\A{t)\ < \uR{t)\\VV{uR{t))\ 

and 

^ = I ml- f,.X -<^^'^-co^sign{uR{t),UR{t)){H - V{uR{t))) + \uR{t)\\VV{uRm)- 

dt \UR{t)\\UR{t)\ 

The proof of the following lemma is the same as [7] . 

Lemma 6.2 (See [7]) Assume ur is a solution for (5) — (6) obtained in Lemma 3.6. 
For any rj e (0, 1), there exists a >m such that if 

\uR{to)\ > Lrj, iuR{to),UR{to)) > and uj{to) < rj (18) 

for some to e (— ^), then we have for t e [to, ^] 

(i). uj{t) < ri, 
d 



(ii)- j^\uRit)\>^l-v'\uRit)\, 
(ui).j^\uR{t)\>^2{l-n^)H, 



(iv). \uR(t)\ > \uR{to)\ + ^2(1 - ri-')H(t - to). 
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Lemma 6.3(See[7]) Let ur is a solution for (5) — (6) obtained in Lemma 3.6 satis- 
fying (18) and \uR{t)\ > tq with t > to for certain to e {~^: ^) with r] e (0, |) and 
as in Lemma 6.2. Then for t >to we have 



Unit) UR{to) 



\uR{t)\ \uR{to)\ 



Ma 



\uR{to)\^' 

where Mg, Mg > are independent of rj, UR{t) and to- 

Proof. By Lemma 5.1, (iii) of Lemma 6.2 and (Vy), we can estimate A{t) as following. 

A{t) < A{to)+ f\uR{s)\\VV{uR{s))\ds 

Jto 

< A{to) + 



Mo 



< A{to) + 

< A{to) + 

< A{to) + 

< A{to) + 



^2(1 - rj^)H Jto 



' \uR{s)\\VV{uR{s))\^\uR{s)\ds 



ds 



J\UR{to 

r\uR{t 

J\uii{to 



■d(f 



y2(W)^ 

MgMo rMt)\ 1 
2(1 - ri^)H J\uRito)\ 

MgMo 1 

2{1 -r]^)H{^ - 1) MtoW'^ 
Mio 



ur{s) 
\ur{s) 



dtp 



\uR{to)\^-^ 

for some Mio > independent of R. Since we have 



d UR{t) 



dt\uR{t)\ 



A{t) 
\nRit)r 



(19) 



(20) 



then it follows from (iii) of Lemma 6.2, (19) and (20) that 



UR{t) UR{to) 



\uR{t)\ \uR{to)\ 



< 



< 



A{s) 



to \ur{s)\'^ 
A{to) + 



ds 



Ml 



10 



\uR{to)\^ V \ur{s 



-ds 



< (A{to) 



M 



10 



V \uR{toW-^J ^2{l-rf)H Jto \uR{s)\''ds 



-\uR{s)\ds 



< 



A{to) + 



10 



\uR{to) 



1/3-1 



^2{l-rf)H\uR{tQ)\' 



By energy equation and the definition of to, we have 

A{to) ^ uj{to)\uR{to)\\uR{to)\ <r]\uR{to)\p{H -V{uR{to))), 
which imphes that for some Ms, Mg > independent of R 



UR{t) UR{to) 



\uR{t)\ \uR{to)\ 



< M8r} + 



Mg 



\uRitoW' 
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which proves this lemma. 

Since we have Theorems 6.1-6.3, similar to [7], we have the following theorem. 

Lemma 6.4(See[7]) For any £ > 0, there exists Mu > such that for R > Mu 



ur 



R 



f* _11 

' 2 



f]{\x\>Mu}(i{yeR'': 



< e 



where e is the given direction defined in Er and t* is defined as (14). 
Let t>t* such that \uR(t)\ = L^. Then we can get for any £ > 



UR{t) 



< s 



for alH > which implies that 

Uoo{t) 



and 



\Uoo{t)\ 

Uoo{t) 
\Uoo{t)\ 



e as t ^ +00 



— >■ e as i — > —00. 



(21) 



From the above discussion, we have proved there is at least one hyperbolic solution 
for (1) — (2) with H > which has the given asymptotic direction at infinity. We finish 
the proof. □ 
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